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Retractive nil-extensions of completely simple

semirings

Sunil Kumar Maity, Rumpa Chatterjee and Rituparna Ghosh

Abstract. A semiring S is said to be a quasi completely regular semiring if for any a ∈ S

there exists a positive integer n such that na is completely regular. The study of completely

Archimedean semirings have shown that completely Archimedean semirings are nil-extensions of

completely simple semirings. In this paper we introduce retractive nil-extensions of completely

simple semirings and establish a relation with completely Archimedean semirings.

1. Introduction

In the year 1984, S. Bogdanovic and S. Milic [5] �rst studied nil-extensions of com-
pletely simple semigroups. Decomposition of completely π-regular semigroups into
a semilattice of Archimedean semigroups was discussed by S. Bogdanovic in [1].
The study of nil-extensions of completely regular semigroups has been proven of
great importance in semigroup theory. A completely Archimedean semigroup has
been proven to be a nil-extension of a completely simple semigroup and further-
more it is Archimedean and completely π - regular. Furthermore, characterization
of retractive nil-extensions of class of regular semigroups, union of groups and band
of groups have been studied in the papers [2], [3] and [4]. Retractive nil-extension
of a completely simple semigroup has been proved to be a rectangular band of
π-groups. Therefore, retractive extension of a semigroup has been an area of great
attraction in recent years of study.

In recent years, semirings have been studied by many authors, for example, by
F. Pastijn, Y. Q. Guo, M. K. Sen, K. P. Shum and others (See [10], [13]). In the
paper [13], completely regular semirings were introduced and it was derived that
a completely regular semiring is a union of skew-rings and also a b-lattice of com-
pletely simple semirings. After this work, many interesting results on completely
regular semigroups and inverse semigroups have been extended to semirings by
M. K. Sen, S. K. Maity and K. P. Shum in ([12], [14]). Furthermore, extension
of completely π-regular semigroups to quasi completely regular semirings in [9]
have further enriched the study of analogous results. It has also been derived
that quasi completely regular semiring can be described as the b-lattice of com-
pletely Archimedean semirings. In the paper [8], we had shown that a semiring

2010 Mathematics Subject Classi�cation: 16A78, 20M10, 20M07.

Keywords: ideal extension, nil-extension, completely Archimedean semiring, completely sim-

ple semiring, retractive nil-extension, b-lattice of skew-rings, quasi skew-ring



104 S.K. Maity, R. Chatterjee, R. Ghosh

is completely Archimedean if and only if it is nil-extension of a completely simple
semiring if and only if it is Archimedean and quasi completely regular.

In this paper we further study retractive extension of a semiring. We charac-
terize completely Archimedean semirings as retractive nil-extension of completely
simple semirings. Thus we establish a relation between retractive nil-extensions
of completely simple semirings and nil-extensions of completely simple semirings.
The preliminaries and prerequisites for this article are discussed in section 2. In
section 3 we prove some characterization theorems of completely Archimedean
semirings as retractive nil-extensions of completely simple semirings. Further, we
study properties on retractive nil-extension of b-lattice of skew-rings.

2. Preliminaries

A semiring (S,+, ·) has both the additive reduct (S,+) and the multiplicative
reduct (S, ·) as semigroups and multiplication distributes over addition, that is,
a(b + c) = ab + ac and (b + c)a = ba + ca for all a, b, c ∈ S. We do not assume
that the additive reduct (S,+) is commutative. An element a of a semiring S is
said to be in�nite [7] if and only if a + x = a = x + a for all x ∈ S. In�nite
element in a semiring is unique and is denoted by ∞. An in�nite element ∞ in a
semiring S having the property that x ·∞ =∞ =∞·x for all x( 6= 0) ∈ S is called
strongly in�nite [7]. A semiring S is additively regular if for every element a ∈ S
there exists an element x ∈ S such that a+ x+ a = a. A semiring S is said to be
additively quasi regular if for every element a ∈ S there exists a positive integer n
such that the element na = a+ a+ · · ·+ a︸ ︷︷ ︸

n times

is additively regular. A semiring S is

completely regular [13] if for every element a ∈ S, there exists an element x ∈ S
such that a = a+ x+ a, a+ x = x+ a and a(a+ x) = a+ x. A semiring (S,+, ·)
is a quasi completely regular semiring [9] if for every element a ∈ S, there exists a
positive integer n such that na is completely regular, that is, na = na + x + na,
na+x = x+na and na(na+x) = na+x for a suitable element x ∈ S. A semiring
(S,+, ·) is called a skew-ring if its additive reduct (S,+) is a group, not necessarily
an abelian group. In [13] we proved that an element a in a semiring S is completely
regular if and only if it is contained in a subskew-ring of S. Let S be a semiring
and R be a subskew-ring of S. If for every a ∈ S there exists a positive integer n
such that na ∈ R, then S is said to be a quasi skew-ring. A semiring S is said to be
a b-lattice [13] if (S, ·) is a band and (S,+) is a semilattice. A semiring S is said to
be an idempotent semiring if all the elements of S are additive idempotent as well
as multiplicative idempotent, i.e., a + a = a = a2 for all a ∈ S. An idempotent
semiring satisfying the identity a = a+x+a is called a rectangular band semiring.
Throughout this paper, we let E+(S) be the set of all additive idempotents of
the semiring S. We observe that the set E+(S) is non-empty and it forms an
ideal of the multiplicative reduct (S, ·) of the semiring S. If (S,+, ·) is a semiring,
we denote the Green's relations on the semigroup (S,+) by L +, R+, J +, and
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H +. In fact, the relations L +, R+, J + and H + are all congruences of the
multiplicative reduct (S, ·). Thus, if any one of these happens to be a congruence
on the additive reduct (S,+), it will be a congruence on the semiring (S,+, ·). Let
(S,+, ·) be an additively quasi regular semiring. We consider the relations L ∗+,
R∗+, and J ∗+ on S de�ned by: for a, b ∈ S,

aL ∗+ b if and only if paL + qb,

aR∗+ b if and only if paR+ qb,

aJ ∗+ b if and only if paJ + qb;

where p and q are the smallest positive integers such that pa and qb are respectively
additively regular. We also let H ∗+ = L ∗+ ∩R∗+. A quasi completely regular
semiring (S,+, ·) is said to be completely Archimedean if J ∗+ = S × S.

A nonempty subset I of a semiring (S,+, ·) is said to be a bi-ideal of S if a ∈ I
and x ∈ S imply that a+ x, x+ a, ax, xa ∈ I. Let I be a bi-ideal of a semiring S.
We de�ne a relation ρ

I
on S by aρ

I
b if and only if either a, b ∈ I or a = b where

a, b ∈ S. It is easy to verify that ρ
I
is a congruence on S. This congruence is said

to be Rees congruence on S and the quotient semiring S/ρ
I
contains a strongly

in�nite element, namely I. This quotient semiring S/ρ
I
is said to be the Rees

quotient semiring and is denoted by S/I. In this case the semiring S is said to be
an ideal extension of I by the semiring S/I. An ideal extension S of a semiring I
is a nil-extension of I if for any a ∈ S there exists a positive integer n such that
na ∈ I.

A subsemiring T of a semiring S is a retract of S if there exists a homomorphism
φ : S −→ T such that φ(t) = t for all t ∈ T . Such a homomorphism is called a
retraction. A nil-extension S of T is said to be a retractive nil-extension of T if T
is a retract of S.

3. Retractive nil-extension

In this section we characterize completely Archimedean semirings as a retractive
nil-extensions of completely simple semirings. For this �rst we state the following
two results.

Theorem 3.1 ([6], [9]). The following conditions on a semiring (S,+, ·) are equiv-

alent.

(i) S is a quasi completely regular semiring.

(ii) Every H ∗+- class is a quasi skew-ring.

(iii) S is (disjoint) union of quasi skew-rings.

(iv) S is a b-lattice of completely Archimedean semirings.

(v) S is an idempotent semiring of quasi skew-rings.
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Theorem 3.2 ([8]). The following conditions on a semiring are equivalent:

(i) S is a completely Archimedean semiring;

(ii) S is a nil-extension of a completely simple semiring;

(iii) S is Archimedean and quasi completely regular.

Remark. Let a be a quasi completely regular element in a semiring (S,+, ·). Then
there exists a positive integer n such that na is completely regular and hence na
lies in a subskew-ring of S. The zero of the subskew-ring containing na is denoted
by a0. Here it is interesting to mention that if S is a quasi completely regular
semiring then S is (disjoint) union of quasi skew-rings. We know that every quasi
skew-ring contains a unique additive idempotent. According to our notation a0 is
the unique additive idempotent in the quasi skew-ring containing a.

Theorem 3.3. Let S be a completely Archimedean semiring. Then S is a retrac-

tive nil-extension of a completely simple semiring.

Proof. Since S is a completely Archimedean semiring, hence S is a quasi completely
regular semiring. Therefore, S is an idempotent semiring I of quasi skew-rings Si,
i ∈ I. Let a, b ∈ S. Then a ∈ Si and b ∈ Sj for some i, j ∈ I. This implies
a + b, 2a + b, a + 2b ∈ Si+j . Since Si+j is a quasi skew-ring, we must have a
positive integer n such that n(a + b) ∈ (2a + b) + S + (a + 2b). Hence for any
two elements a, b ∈ S, there exists a positive integer n such that n(a + b) ∈
(2a+ b)+S+(a+2b) ⊆ 2a+S+2b. Let a ∈ S. Then a ∈ Si for some i ∈ I. Let e
be the unique additive idempotent in the quasi skew-ring Si. Let f ∈ E+(S). We
�rst prove that a+f = e+a+f and f+a = f+a+e. First we prove that for every
m ∈ N, there exists n ∈ N and u ∈ S such that n(a+f) = ma+u+f . Clearly, the
result holds if m = 1. Let us assume that n(a+ f) = ma+ u+ f for some n ∈ N
and u ∈ S. Now for the elements ma and u + f there exists a positive integer k
and v ∈ S such that k(ma+u+f) = 2ma+v+2(u+f) = (m+1)a+w+f , where
w = (m− 1)a+ v+ u+ f + u ∈ S. Hence for every m ∈ N, there exists n ∈ N and
u ∈ S such that n(a+ f) = ma+ u+ f . Let r ∈ N be such that ra is completely
regular and hence ra lies in a subskew-ring Ri. Clearly, e is the zero of Ri. Then
there exists p ∈ N and x ∈ S such that p(a + f) = ra + x + f . Now since S is a
completely Archimedean semiring, so S is a nil-extension of a completely simple
semiring K. Clearly, f ∈ K and since K is a bi-ideal of S, it follows a + f ∈ K.
Hence (a+ f)H + p(a+ f) and (a+ f) = p(a+ f) + y for some y ∈ S. Therefore,
a+ f = p(a+ f) + y = ra+ x+ f + y = e+ ra+ x+ f + y = e+ a+ f . Similarly,
we can prove that f + a = f + a + e. We de�ne a mapping φ : S −→ K by
φ(a) = a0 + a, for all a ∈ S. Let a, b ∈ S. Then φ(a + b) = (a + b)0 + a + b
= (a + b)0 + a + a0 + b = (a + b)0 + a + a0 + b + b0 = (a + b)0 + a + b + b0

= a + b + b0 = a + b0 + b = a0 + a + b0 + b = φ(a) + φ(b). Again, φ(a)φ(b) =
(a0 + a)(b0 + b) = a0b0 + a0b + ab0 + ab = (ab)0 + ab = φ(ab). Therefore, φ is a
homomorphism and since φ(a) = a for all a ∈ K, then φ is a retraction. Hence S
is a retractive nil-extension of a completely simple semiring K.
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Corollary 3.4. The following conditions on a semiring S are equivalent:

(i) S is a completely Archimedean semiring.

(ii) S is a retractive nil extension of a completely simple semiring.

(iii) S is a nil-extension of a completely simple semiring.

Theorem 3.5. A semiring S is a completely Archimedean semiring if and only if

S is a rectangular band semiring of quasi skew-rings.

Proof. Let S be a completely Archimedean semiring. Hence S is a quasi completely
regular semiring and hence S is an idempotent semiring I(= S/H ∗+) of quasi
skew-rings Si (i ∈ I). To show I is a rectangular band semiring, let x = aH ∗+,
y = bH ∗+ ∈ I, where a, b ∈ S. Since S is completely Archimedean, we must
have a0 = (a + b + a)0. Then x = aH ∗+ = a0H ∗+ = (a + b + a)0H ∗+ =
(a+ b+ a)H ∗+ = aH ∗+ + bH ∗+ + aH ∗+ = x+ y + x. Thus I is a rectangular
band semiring and consequently, S is a rectangular band semiring of quasi skew-
rings.

Conversely, let S be a rectangular band semiring Y of quasi skew-rings, Ti
(i ∈ Y ). Then clearly S is a quasi completely regular semiring and Y = S/H ∗+.
To show S is completely Archimedean, we only show that J ∗+ = S × S. Let
a, b ∈ S. Then aH ∗+ = aH ∗+ + bH ∗+ + aH ∗+ = (a + b + a)H ∗+ implies
a0 = (a+ b+a)0. Since J ∗+ is b-lattice congruence, we have aJ ∗+ = a0J ∗+ =
(a + b + a)0J ∗+ = (a + b + a)J ∗+ = (a + b)J ∗+ = (b + a + b)J ∗+ = (b +
a + b)0J ∗+ = b0J ∗+ = bJ ∗+. Therefore, J ∗+ = S × S and hence S is a
completely Archimedean semiring.

Corollary 3.6. A semiring S is a completely simple semiring if and only if S is

a rectangular band semiring of skew-rings.

Theorem 3.7. The following conditions on a semiring S are equivalent:

(i) S is a nil-extension of a b-lattice of skew-rings.

(ii) S is a retractive nil-extension of b-lattice of skew-rings.

Proof. (i) ⇒ (ii): Let S be a nil-extension of K, where K is a b-lattice Y of
skew-rings Rα(α ∈ Y ). Then (K,+) is a semilattice (Y,+) of groups (Rα,+) and
hence (K,+) is a Cli�ord semigroup. Thus for any k ∈ K and e ∈ E+(K) we
must have e+ k = k + e. Now we de�ne a mapping φ : S −→ K by: for a ∈ S,

φ(a) = a0 + a.

Let a, b ∈ S. Then φ(a + b) = (a + b)0 + (a + b) = (a0 + b0) + (a + b) =
(b0 + a0) + (a + b) = b0 + (a0 + a) + b = (a0 + a) + (b0 + b) = φ(a) + φ(b) and
φ(a)φ(b) = (a0 + a)(b0 + b) = a0b0 + a0b+ ab0 + ab = (ab)0 + ab = φ(ab). Hence φ
is a homomorphism. Moreover for any x ∈ K, φ(x) = x0 + x = x. Consequently,
S is a retractive nil-extension of b-lattice of skew-rings K.

(ii)⇒ (i): This part is obvious.
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