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25The paper formulates a dual channel model for a two-echelon supply chain comprising of one manufac-
26turer and one retailer for trading a single product. The manufacturer uses direct online (e-tail) channel
27and traditional (Brick and Mortar) retail channel to boost sell the products. A single-period news vendor
28type demand in the cases of integrated and Stackelbarg game approach is analyzed to obtain optimal
29stock level, sales prices, promotional effort and service level for both the e-tail and retail channel, and
30hence retailer competes with the manufacturer’s direct channel. Finally, computational results show that
31dual channels influence significantly the pricing strategies and effort levels of the supply chain entities,
32and it is always beneficial in integrated system for the members of the chain.
33� 2016 Published by Elsevier Ltd.
34

35

36

37 1. Introduction

38 In today’s rapid changing marketing environment, the end cus-
39 tomers have broken all barriers of the stereotype traditional pur-
40 chasing habits. Long research and market surveys on the
41 customers’ purchasing habit suggest that today’s tech savvy young
42 generation loves to linger on a rigorous research of the product on
43 the internet in which they desire to buy just sitting in their office
44 cubicle and without putting any extra physical effort for that mat-
45 ter. As there are numerous option of buying a product online rather
46 than going physically to the store burning fuel as well as lots off
47 energy, the buyers prefer e-tail option for valid and self explana-
48 tory reason. This tendency has increased a lot of late. They prefer
49 to buy the product via the Internet and sit back relax at home to
50 wait for the product to arrive at their door step rather than going
51 to a traditional retail shop escaping all the hazards. This rapid
52 change has come into picture as now the customer can acquire
53 his/her desired product through several ways other than the tradi-
54 tional retail channel, such as direct channel or a dual channel (a
55 combination of traditional and direct selling channels). In a tradi-
56 tional retail channel, retailers buy products from the manufacturer
57 at a wholesale price and sell them to the end customers. Whereas,

58in a direct channel, customers can purchase their desired products
59directly from manufacturers. This sometimes saves their money
60too as the price offered by the manufacturer directly is obviously
61bit less than the price offered by the retailer. On the other hand,
62in a dual channel, the consumer has the option of buying via a
63retail channel or a direct channel at the same time.
64Under the above mentioned scenario sticking only to the tradi-
65tional retail channel might not remain any more a good option for
66manufacturers. Its high time for a manufacturer to decide whether
67to stick to the traditional channel only or think for dual channel for
68selling their products. Manufacturers might have to face conse-
69quences of losing a great amount of market share in the given cir-
70cumstances that few other manufacturers of product have already
71opened e-tail channel for selling their product and attracted poten-
72tial customers. Consequently, the manufacturer who cannot cope
73with the changing nature of the market have to loss a great amount
74of profit. On the other hand, dual channel might increase manufac-
75turer’s profit as implementation of a dual channel gives more
76power to the manufacturer who can gain from selling via both
77channels. Hence, a dual channel can be proved to be very fruitful
78to increase the profit of the manufacturer. So, its important for
79the manufacturer to look for other options to sustain themselves
80in the market such as dual channel operation.
81Now, how the dual channel operates? In a dual-channel situa-
82tion, a manufacturer, apart from retail channels, sells directly to
83end customers by using either an online shop or through some

http://dx.doi.org/10.1016/j.cie.2016.05.002
0360-8352/� 2016 Published by Elsevier Ltd.

⇑ Corresponding author.
E-mail addresses: arpita.roy26@gmail.com (A. Roy), shib_sankar@yahoo.com

(S.S. Sana), chaudhuriks@gmail.com (K. Chaudhuri).

Computers & Industrial Engineering xxx (2016) xxx–xxx

Contents lists available at ScienceDirect

Computers & Industrial Engineering

journal homepage: www.elsevier .com/ locate/caie

CAIE 4326 No. of Pages 12, Model 5G

5 May 2016

Please cite this article in press as: Roy, A., et al. Joint decision on EOQ and pricing strategy of a dual channel of mixed retail and e-tail comprising of single
manufacturer and retailer under stochastic demand. Computers & Industrial Engineering (2016), http://dx.doi.org/10.1016/j.cie.2016.05.002

http://dx.doi.org/10.1016/j.cie.2016.05.002
mailto:arpita.roy26@gmail.com
mailto:shib_sankar@yahoo.com
mailto:chaudhuriks@gmail.com
http://dx.doi.org/10.1016/j.cie.2016.05.002
http://www.sciencedirect.com/science/journal/03608352
http://www.elsevier.com/locate/caie
http://dx.doi.org/10.1016/j.cie.2016.05.002


84 third party vendor of online shopping such as ‘‘flipkart”,
85 ‘‘snapdeal”, ‘‘amazon”, etc. Generally, a fear plays in the mind of
86 the traditional and old-fashioned customer during buying the pro-
87 duct from online channel. The fear is of loosing the quality, since
88 they cannot see or feel the product quality physically by touching
89 which is quite logical. So, to break this barrier of fear of buying
90 products online, manufacturer has to act cleverly. They must
91 entrust the customers by giving assurance of money back policy
92 if quality of the product delivered to the customer does not satisfy
93 their expectation. Also, to attract the customers, manufacturer
94 offers after sales service level assurance/agreement (SLA) at the
95 time of selling the product. From the end customers perspective,
96 this enables them with the trust that they are buying the product
97 directly from the manufacturer. SLA is an agreement between a
98 service provider and a customer that specifies what services the
99 service provider will furnish. There are some key parameters of

100 SLA such as quality assurance, return material authorization, deliv-
101 ery authorization, voice of the customer feedback, among others.
102 Many manufacturers act as service providers who provide their
103 customers with a specific SLA. Quite often, departments in major
104 companies have adopted the idea of service level agreement so
105 that services for their customers can be measured, justified, and
106 perhaps compared with outsourcing network providers. The price
107 will also appear to be bit less than what they have to pay if they
108 opt to buy the same product from any other retail shop. Obviously,
109 this can really be a potential threat to the retailer as it can shrink
110 the retailers market and threatens putting them out of business.
111 So, traditional retailers have to employ some potential efforts as
112 well as attractive gifts by lottery, extended warranty, advertising,
113 etc., to regain the ground lost. Using proper promotional efforts,
114 traditional retailers can bring back potential thriving customers
115 who might otherwise be drawn towards the direct channel of the
116 manufacturer. This promotional and sales efforts give retailer a
117 tool to compete with the manufacturer’s direct channel and place
118 them in a better trading position. In general, sales and promotional
119 efforts made by retailer is supposed to boost individual demand as
120 well as the demand of manufacturer’s direct-channel.
121 Several studies have been conducted by researchers considering
122 dual-channel competition.In this direction, the work of Hotelling
123 (1929) and Salop (1979) consider a circular spatial market model.
124 Essentially, Salop (1979) has pioneered and introduced a variant of
125 the traditional model which is the very early work of Hotelling
126 (1929), known as the circular spatial market model, where the con-
127 sumers are modeled to be uniformly distributed on a circle and all
128 the firms are located evenly on the circle. Balasubramanian (1998)
129 considers the competition between a direct marketer and conven-
130 tional retailers in price. Dewan, Jing, and Seidmann (2003) develop
131 a duopoly model where each firm first chooses a customization
132 scope and then optimally determines the conventional market
133 price.
134 Many firms have engaged in online channels to reach customers
135 who cannot be reached by the traditional retail channel. It is
136 reported that about 42 percent of the top suppliers such as IBM,
137 Nike, Pioneer Electronics, Estee Lauder, and Dell are selling to cus-
138 tomers through an online channel (Chiang, Chhajed, & Hess, 2003;
139 Tsay & Agrawal, 2004). An important area related to the dual chan-
140 nel supply chain system is channel competition among the mem-
141 bers. Paralar and Wang (1993) also analyze the case where
142 independent firm demands are aggregated to form industry
143 demand. Many researches focus on the effect of introducing direct
144 Internet channels to supply chains as well as the existing retail
145 channel and price-related issues under that circumstances. Choi
146 (1996) considers a channel structure in which there are duopoly
147 manufacturers and duopoly common retailers. Lippmand and
148 Macardle (1997) study a competitive version of the classical
149 newsboy problem in which a firm must choose an inventory or

150production level for perishable goods with random demand. Lal
151and Sarvary (1999) introduce an internet channel so as to reduce
152the price competition as well as consumer’s extra cost. It is
153observed that in hybrid channel system, the consumers are catego-
154rized into two groups: price sensitive and service sensitive. It has
155also been established that the manufacturer will not introduce
156an Internet channel to avoid price competition if there are consid-
157erate amount of service sensitive consumers. Swaminathan and
158Tayur (2003) discuss the opportunities and changes induced by
159Internet usage in supply chain management (SCM). Park and Keh
160(2003) use game theory to examine the equilibrium under hybrid
161channel system, particularly in terms of price and profit distribu-
162tion. Yao, Yue, Wang, and Liu (2005) investigate an optimal order
163quantity of the retailer and buy-back price of the manufacturer
164when the direct channel is introduced. Mukhopadhyay, Zhu, and
165Yue (2008) show how, by means of an online channel, firms can
166deal with customers’ orders, and control the distribution and pric-
167ing of goods. Cai, Zhang, and Zhang (2009) evaluate the impact of
168price discount contracts and pricing schemes on the dual-
169channel supply chain competition. Meanwhile, from supplier-
170Stackelberg, retailer-Stackelberg, and Nash game theoretic per-
171spectives, they show that the scenarios with price discount con-
172tracts can outperform the non-contract scenarios. Cai (2010)
173investigates the influence of channel structures and channel coor-
174dination on the supplier, the retailer, and the entire supply chain in
175the context of two single channel and two dual-channel supply
176chains. Lu, Tsao, and Charoensiriwath (2011) highlight the impor-
177tance of service from manufacturers in the interactions between
178two competing manufacturers and their common retailer, facing
179end consumers who are sensitive to both retail price and manufac-
180turer service, and a game-theoretic framework is applied to obtain
181the equilibrium solutions for each entity.
182In dual channels business model, the manufacturer has two rev-
183enue sources, which would increase the manufacturer’s profit.
184However, the reservation of price of the direct channel over the
185indirect channel has some disadvantages. It is also potential reason
186of channel conflict between the two channels. Due to this reason,
187manufacturer’s profit may be reduced. Specially, when the retailer
188in the traditional retail channel is a Stackelberg leader of the sup-
189ply chain, the counter-force for the development of the direct
190channel and channel conflict can be large. As a consequence, it
191becomes vague whether the manufacturer in a retailer-
192Stackelberg (RS) supply chain should use the dual channel strat-
193egy.In the literature, in view of the above mentioned scenarios, a
194number of studies have examined the RS supply models namely
195Gerchak and Wang (2004), Wang and Liu (2007), Pan, Lai, Leung,
196and Xiao (2010), Edirisinghe, Bichescu, and Shi (2011) and Choi
197and Fredj (2013). Few researchers have worked in this area to
198examine the effect of channel leadership structure. For example,
199Pan et al. (2010) discuss different contract strategies under both
200manufacturer-Stackelberg (MS) and retailer-Stackelberg (RS) sup-
201ply chains and identify the conditions under which the leader is
202better off using a revenue-sharing contract. The channel leadership
203structure (sequence of decisions) affects the equilibrium outcome
204(Choi & Fredj, 2013) which further influences the channel structure
205strategy of the manufacturer. Edirisinghe et al. (2011) study the
206implications of channel power on supply chain stability for a
207two-supplier and one-retailer supply chain. Choi, Li, and Xu
208(2013) examine the closed loop supply chain with different chan-
209nel leadership. In manufacturer-retailer supply chain systems,
210the research works of Panda (2013, 2014), Shah, Gor, and Jhaveri
211(2012), Shah and Shukla (2010), Cardenas-Barron, Taleizadeh,
212and Trevino-Garza (2012), Chung, Cardenas-Barron, and Ting
213(2014), Garcia-Laguna, San-José, Cardenas-Barron, and Sicilia
214(2010), Sarkar (2015) and Sarkar and Sarkar (2013) are worth men-
215tioning, among others.
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216 Over the past decade, the dual-channel supply chain has gained
217 much attention of the supply chain management research commu-
218 nity. Chiang et al. (2003) examine a price-setting game between a
219 manufacturer and a retailer in a dual channel based on the con-
220 sumer choice model. This study shows that the manufacturer is
221 more profitable even if no sales occur in the direct channel. Tsay
222 and Agrawal (2004) provide a comprehensive review of quantita-
223 tive approaches in multi-channel distribution systems that may
224 coordinate the actions of channel partners. Cattani, Gilland, and
225 Swaminathan (2004) do research on coordination opportunities
226 that arise for firms having the dual channel. Cattani et al. (2006)
227 and Huang and Swaminathan (2009) investigate the pricing deci-
228 sions of the manufacturer and its retailers. Chen, Kaya, and Ozer
229 (2008) discuss on service competition in the dual-channel supply
230 chain. They find out that the manufacturer’s optimal channel strat-
231 egy depends on the channel environment. Zhang et al. (2012) pro-
232 pose the effect of product substitutability and relative channel
233 status on pricing decisions under different power structures.
234 Huang, Yang, and Liu (2013) observe the effect of production cost
235 disruption in a dual-channel supply chain model. Ren, He, and
236 Song (2014) study price and service competition in a dual-
237 channel supply chain with consumer returns. Cao (2014) coordi-
238 nates a dual-channel supply chain under demand disruption.
239 Vinhas and Heide (2015) analyze the forms of competition and
240 outcomes in a dual distribution channel.
241 In the present article, a two layer supply chain between manu-
242 facturer and retailer is studied in dual channels (e-tail and retail)
243 systems. Under uncertainty of demand of the products, the manu-
244 facturer implements direct online (e-tail) channel along with retail
245 channel and compares the best strategies adopted by the channel
246 members in the dual systems. To attract the customers more, pro-
247 motional effort and service level assurance are offered by the chan-
248 nel members. Consequently, uncertain demand is a function of e-
249 tail price, retail price, promotional effort and service level assur-
250 ance which is quite new formula compared to the existing litera-
251 ture in dual channel system. Finally, the expected profit
252 functions in different scenarios are formulated and analyzed math-
253 ematically, Fortunately, the optimal values of the decision vari-
254 ables are explicitly obtained in this paper. As far as the
255 knowledge of the authors goes, such type of dual channel model
256 for uncertain demand involving six decision variables (lotsize of
257 retail channel, lotsize of e-tail channel, e-tail price, retail price, pro-
258 motional effort and service level assurance) has not yet been dis-
259 cussed in inventory literature.
260 The rest of the paper is organized as follows: Section 2 explains
261 the fundamental notations and assumptions, Section 3 provides
262 mathematical formulations and analysis of the model, In Section 4,
263 numerical example is provided. Section 5 draws conclusion on the
264 findings of the paper.

265 2. Fundamental assumptions and notation

266 The following assumptions are made to develop the model:

267 2.1. Assumptions

268269 (i) The manufacturer produces a single product and sells
270 through a direct channel and a retail channel.
271 (ii) The wholesale price of the product at the manufacturer’s end
272 must be less than the price of the product in the direct chan-
273 nel; otherwise, the retailer might tend to buy the product
274 directly from the direct channel and sell it to the customers.
275 (iii) Manufacturers use after sales service level agreement to
276 increase market demand for the direct e-tail channel.

277(iv) Retailer uses promotional effort to boost the market demand
278of retail-channel. Manufacturer also share some portion of
279the promotional effort, as retailer’s promotional efforts boost
280their individual demands as well as the manufacturer’s
281direct-channel demand.
282(v) The Demand rate of the members of the chain is assumed to
283be uncertain and price, service level and promotional effort
284sensitive.
285(vi) The chain is with buyback policy.
286(vii) The lead time is negligible.
287(viii) Shortage at the retailer is permitted due to uncertain
288demand.
289(ix) Replenishment rate is instantaneously infinite but it’s size is
290finite.
291(x) All members of the chain are risk-neutral and seek to maxi-
292mize their own expected profit.

293(xi) The cost of manufacturer’s service level assurance is ns2
2

294which is strictly convex in the sales service level parameter
295s.
296(xii) the cost of retailer’s promotional effort is kq2 which is also
297strictly convex in the promotional effort parameter q. As
298the retailer’s promotional efforts provides benefit to both
299the retailer and the manufacturer, the manufacturer bears
300a portion t of the effort cost and the retailer shares the rest.
301

3022.2. Notation
303

Qr Retailer’s Order Quantity (unit) for the traditional
retail channel.

Qe Manufacturer’s inventory (unit) for the direct e-tail
channel.

Q Manufacturer’s total inventory (unit), Q ¼ Qr þ Qe,
for both the channel.

x A part of demand quantity (units/month) during a
period, which is a random variable following
probability distribution.

f ðxÞ Probability density function of x.
FðxÞ Cumulative distribution function of x.

F�1ðxÞ Inverse function of F.

pe Unit e-tail price ($/unit) for manufacturer to sell in
direct e-tail channel.

pr Unit retail price ($/unit) for retailer to sell through
traditional retail channel.

DðpeÞ Demand (units/month) in direct e-tail channel
which is a function of the e-tail price pe.

DðprÞ Demand (units/month) in traditional retail channel
which is a function of the retail price pr .

Dðpe; prÞ Resulting demand (units/month) in dual channel
environment under competition which is a function
of the both e-tail price pe and retail price pr .

w Wholesale price ($/unit) per unit of the
manufacturer to the retailer (unit purchasing cost of
products at the retailer) in the traditional retail
channel.

ce Purchasing cost/procurement cost ($/unit) of the
manufacturer in the direct e-tail channel.

cr Purchasing cost/procurement cost ($/unit) of the
manufacturer in the traditional retail channel.

v Unit salvage value/return price ($/unit) under buy
back contract of unsold goods of the retailer
provided by the manufacturer under the traditional
retail channel.

r Shortage cost ($/unit) of the retailer.

(continued on next page)
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re Shortage cost ($/unit) of the manufacturer in the
direct e-tail channel.

s Manufacturers service level bore towards the
customer for the direct e-tail channel.

q Denotes the promotional/advertising effect bore by
the retailer towards the customer for the retail
channel.

a Denotes the demand sensitivity of the end customer
towards the promotional/advertising effect for the
retail channel.

be Denotes the demand sensitivity of manufacturer on
its own e-tail price pe.

br Denotes the demand sensitivity of retailer on its
own retail price pr .

ce Denotes the demand sensitivity of the retailer on
manufacturer’s price under dual channel.

cr Denotes the demand sensitivity of the manufacturer
on retailer’s price under dual channel.

d Denotes the demand sensitivity of end customers
towards the after sale service assurance provided by
the manufacture for the e-tail channel.

t Denotes the fraction of expenditure incurred for
promotional effort shared by the manufacturer.

l Denotes the mean demand of the retailer.
Emr Expected profit ($/month) function of the

manufacturer under the traditional retail channel.
Err Expected profit ($/month) function of the retailer

under the traditional retail channel.
Eec Expected profit ($/month) function of the

manufacturer under the direct e-tail channel.
EIPdc Expected integrated profit ($/month) function of the

channel under the dual channel.
xþ Max½x;0�, the positive part of x.

411

412 3. Mathematical formulation and analysis of the model

413 A single manufacturer’s channel choice decision for a single
414 product is examined in this model. In this context, the following

415three choices (Fig. 1) are considered to formulate the model: (a)
416the traditional retail (bricks and mortar) channel or RC indexed
417as r; or (b) the direct online channel or EC indexed as e; and (c)
418both the RC and EC or a DC (dual channel) and indexed as dc.
419The RC represents the established configuration where the manu-
420facturer sold its product to a retailer and then retailer displays
421its products in a traditional retail store and customers are required
422to travel to the store location to purchase the product. These types
423of structures are well established in practice and the cost per unit
424to process a product through this channel is assumed to be cr . An
425‘online’ channel (EC) could be introduced as a replacement for
426the current channel or as an additional channel for serving the
427market demand and, in this setting, the manufacturer incurs a
428per unit cost ce for processing the product through this channel.
429The retailer and the manufacturer are two risk-neutral firms. The
430retailer incurs some promotional effort cost to increase brand con-
431sciousness on the local market. The manufacturer negotiates with
432the retailer and fixes a sharing policy for the promotional effort
433cost assuming that total demand of the manufacturer would be
434increased indirectly. Consequently, market demand is influenced
435by the advertising expenditure incurred by the retailer that results
436in promoting the product. Further, this promotional effort affects
437basic demand in such a way that demand rate becomes an increas-
438ing function of the cost of promotional effort. Here, q is a decision
439variable associated with the effort for promotional activities. On
440the other hand, e-tail channel customers are acquainted with the
441product through the electronic media, which already has a promo-
442tional background due to the retail channels’ investment of the
443brand endorsement. So, an EC would no more require any further
444expenditure in the promotional activity, rather what would be
445beneficial for the EC is the sales service assurance (service level
446agreement) to the users. As a result, service level assurance for this
447e-tail channel is considered as s. Therefore, the demand of the
448products is assumed to be the function of e-tail price pe, pr , promo-
449tional effort qand service assurance s. The functional form of
450demands Dr in RC and De in EC are as follows:
451

Dr ¼ x� brpr þ aq ð1Þ 453453

Fig. 1. Schematic diagram of the dual channel system.
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454 and
455

De ¼ x� bepe þ ds: ð2Þ457457

458 In dual channel (DC) system, we can have two different demands
459 considering the fact that there is a competition between two chan-
460 nels while performing together. Demand for the manufacturer’s tra-
461 ditional RC is Drr and demand for the retailer’s direct online EC is Dee

462 which are defined as follows:
463

Drr ¼ x� brpr þ cepe þ aq ð3Þ465465

466 and
467

Dee ¼ x� bepe þ crpr þ ds: ð4Þ469469

470 Here, in the dual channel environment, the demand function is
471 decreasing in its own channel’s retail price and increasing in the
472 competing channel’s retail price. The parameters b, c measure the
473 responsiveness of market demand to its own channel’s retail price
474 and competing channel’s retail price, respectively. The random vari-
475 able x describes the base-case potential market size for the product
476 that follows p.d.f f ðxÞ, i.e., R1

0 f ðxÞdx ¼ 1. As the demand is uncer-
477 tain, there is a buyback policy between the manufacturer and the
478 retailers in the traditional retail channel (RC). Suppose the retailer
479 purchase Qr quantity of lot size with wholesale price w from the
480 manufacturer and failed to sell all of them by the end of the season
481 then the unsold items at retailers are buyback to the manufacturer
482 at a salvage value v. On the other hand, shortages at the manufac-
483 turer may occur due to direct online e-tail channel (EC) as there
484 the products are directly sold to the end customers. Thats why, a
485 shortage cost re in the e-tail channel (EC) is incorporated. In this sit-
486 uation, the expected profits under the different channel environ-
487 ments are given as follows:
488

Emr½Qr ;q� ¼ ðw� crÞQr � vEðA� xÞþ � tkq2; ð5Þ490490

491

Err½pr;q� ¼ prEðDrÞ �wQr þ vEðA� xÞþ � rEðx� AÞþ � ð1� tÞkq2

¼ prðl� brpr þ aqÞ �wQr þ vEðA� xÞþ � rEðx� AÞþ

� ð1� tÞkq2; ð6Þ493493

494 Therefore, the expected profit of the retail channel is
495

Erc½Qr;pr;q� ¼ Emr þ Err

¼ �Qrcr þ prðl� brpr þ aqÞ � rEðx� AÞþ � kq2; ð7Þ497497

498 where
499

A ¼ ðQr þ brpr � aqÞ;501501

502

EðA� xÞþ ¼
Z A

0
ðA� xÞf ðxÞdx;

504504

505

Eðx� AÞþ ¼
Z 1

A
ðx� AÞf ðxÞdx

507507

508 and
509

FðAÞ ¼
Z A

0
f ðxÞdx:

511511

512 In EC system, the expected profit of the chain is
513

Eec½Qe;pe; s� ¼ peEðDeÞ � Qece � reEðx� BÞþ � ns2

2

¼ peðl� bepe þ dsÞ � Qece � reEðx� BÞþ � ns2

2
; ð8Þ515515

516 where
517

B ¼ ðQe þ bepe � dsÞ;519519

520

Eðx� BÞþ ¼
Z 1

B
ðx� BÞf ðxÞdx

522522

523and
524

FðBÞ ¼
Z B

0
f ðxÞdx:

526526

527In DC environment, using the demand under competition of the
528dual chain, the individual expected profits of the chain are as
529follows:
530

Emr½Qr ;q� ¼ ðw� crÞQr � vEðD� xÞþ � tkq2 ð9Þ 532532

533and
534

Err ½pr;q� ¼ prEðDrrÞ �wQr þ vEðD� xÞþ � rEðx� DÞþ � ð1� tÞkq2;

ð10Þ 536536

537where
538

D ¼ ðQr þ brpr � cepe � aqÞ; 540540

541

EðD� xÞþ ¼
Z D

0
ðD� xÞf ðxÞdx;

543543

544

Eðx� DÞþ ¼
Z 1

D
ðx� DÞf ðxÞdx

546546

547and
548

FðDÞ ¼
Z D

0
f ðxÞdx:

550550

551Therefore, expected profit of the retail channel is
552

Erc½Qr ;pr ;q� ¼ Emr þ Err

¼ �Qrcr þ prðl� brpr þ cepe þ aqÞ
� rEðx� DÞþ � kq2 ð11Þ 554554

555and expected profit of the e-tail channel is
556

Eec½Qe;pe;s� ¼peEðDecÞ�Qece� reEðx�GÞþ �ns2

2

¼�Qeceþpeðl�bepeþcrpr þdsÞ� reEðx�GÞþ �ns2

2
;

ð12Þ 558558

559where
560

G ¼ ðQe þ bepe � crpr � dsÞ; 562562

563

Eðx� GÞþ ¼
Z 1

E
ðx� GÞf ðxÞdx

565565

566and
567

FðGÞ ¼
Z E

0
f ðxÞdx:

569569

570As a whole, the expected profit of the integrated channels is
571

EIPdc½Qr;Qe;pr ;pe;q; s� ¼ Erc þ Eec ¼ �Qrcr � Qece
þ prðl� brpr þ cepe þ aqÞ
þ peðl� bepe þ crpr þ dsÞ � rEðx� DÞþ

� reEðx� GÞþ � kq2 � ns2

2
: ð13Þ 573573

574Here, the maximization strategies are to consider the following
575maximization problems:

576� RC: Maximize Erc with respect to decision variables fQr; pr ;qg.
577� EC: Maximize Eec with respect to decision variables fQe; pe; sg.
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578 � DC: Maximize EIPdc with respect to decision variables
579 fQr ;Qe; pr ; pe;q; sg.
580

581 Now, the main objective is to determine the optimal values of
582 the economic order quantity (EOQ), the sales prices, promotional
583 effort and service level assurance so that the profit of the channel
584 is maximized. The above maximization problems would be dis-
585 cussed in the next sections.

586 3.1. Traditional Retail Channel environment (RC)

587 For each single channel environment, the working procedure of
588 obtaining an optimal solution to the channel member’s profit max-
589 imization problem is similar. Now, the retail channel under both
590 the centralized and decentralized systems would be analyzed as
591 follows.

592 3.1.1. Case-I: Centralized Supply chain (CS)
593 In this system, both the manufacturer and the retailer make
594 decision jointly. Then, the prime objective of the members of the
595 chain is to maximize the integrated expected profit of the system.
596 The expected integrated profit of the channel is
597

Erc½Qr ;pr ;q� ¼ �Qrcr þ prðl� brpr þ aqÞ � rEðx� AÞþ � kq2:599599

600 The partial derivatives of Erc with respect to Qr , q and pr are as
601 follows:
602

@Erc

@Qr
¼ ðr � crÞ � rFðAÞ; ð14Þ

604604

605

@2Erc

@Q2
r

¼ �rf ðAÞ < 0; ð15Þ
607607

608
@Erc

@pr
¼ ðl� 2brpr þ brr þ aqÞ � rbrFðAÞ; ð16Þ

610610

611

@2Erc

@p2
r

¼ �2br � rb2
r f ðAÞ < 0; ð17Þ

613613

614
@Erc

@q
¼ ðapr � 2kq� arÞ þ raFðAÞ; ð18Þ

616616

617

@2Erc

@q2 ¼ �2k� ra2f ðAÞ < 0; ð19Þ
619619

620

@2Erc

@Qr@q
¼ @2Erc

@q@Qr
¼ raf ðAÞ; ð20Þ

622622

623

@2Erc

@Qr@pr
¼ @2Erc

@pr@Qr
¼ �rbrf ðAÞ; ð21Þ

625625

626

@2Erc

@q@pr
¼ @2Erc

@pr@q
¼ aþ raf ðAÞ: ð22Þ

628628

629 For maximum value of Erc , Eqs. (14), (16) and (18) are individually
630 zero. Then, solving these, we have the stationary points as follows
631

Q �
r ¼ F�1 r � cr

r

� �
� brp

�
r þ aq�

h i
; ð23Þ633633

634

p�
r ¼

aq� þ brcr þ l
2br

; ð24Þ
636636

637

q� ¼ aðp�
r � crÞ
2k

: ð25Þ639639

640Now, using the optimum value of p�
r ;q� in Eq. (23) and, using the

641optimum value of q� in Eq. (24), the simplified expression of
642Q �

r ;p
�
r ;q� are given by

643

Q �
r ¼ F�1 r � cr

r

� �
þ a2ðlþ cr � brcrÞ � 2kbrðlþ brcrÞ

4kbr � a2

� �
; ð26Þ

645645

646

p�
r ¼

2kðlþ brcrÞ � a2cr
4kbr � a2 ; ð27Þ

648648

649

q� ¼ aðl� brcrÞ
4kbr � a2 : ð28Þ

651651

652

653Proposition 1. The profit function Erc is strictly concave function if
6542kð2þ brðf ðAÞ � rÞÞ þ ra2f ðAÞð2þ 2rf ðAÞð1� brÞÞ > 0 holds.

655Proof. The associated Hessian matrix of Erc is
656

H ¼

@2Erc
@Q2

r

@2Erc
@Qr@pr

@2Erc
@Qr@q

@2Erc
@Qr@pr

@2Erc
@p2r

@2Erc
@pr@q

@2Erc
@Qr@q

@2Erc
@pr@q

@2Erc
@q2

0
BBB@

1
CCCA:

658658

659Substituting the above second order partial derivatives, the Hessian
660matrix is
661

H ¼
�rf ðAÞ �brrf ðAÞ raf ðAÞ
�brrf ðAÞ �2br � b2

r rf ðAÞ aþ raf ðAÞ
raf ðAÞ aþ raf ðAÞ �2k� ra2f ðAÞ

0
B@

1
CA:

663663

664If the principal minors are alternatively negative and positive, i.e.,
665the kth order leading principal minor Dk follows the sign of ð�1Þk,
666then the profit function Erc is concave, i.e., maximum at
667(Q �

r ;p
�
r ;q�). Here D1 ¼ �rf ðAÞ < 0 as f ðAÞ > 0,

668
D2 ¼ �rf ðAÞ �brrf ðAÞ

�brrf ðAÞ �2br � b2
r rf ðAÞ

����
���� ¼ 2brrf ðAÞ > 0 and D3 ¼

669

�rf ðAÞ �brrf ðAÞ raf ðAÞ
�brrf ðAÞ �2br � b2

r rf ðAÞ a þ raf ðAÞ
raf ðAÞ a þ raf ðAÞ �2k � ra2f ðAÞ

������
������ ¼ �2kbrrf ðAÞð2 þ br

670ðf ðAÞ � rÞÞ � r2a2brf ðAÞ2ð2þ 2rf ðAÞð1� brÞÞ < 0 if 2kð2þ brðf ðAÞ� rÞÞ
671þra2f ðAÞð2þ 2rf ðAÞð1� brÞÞ > 0 holds. Also, the stationary point
672(Q �

r ;p
�
r ;q�) provided in Eqs. (26)–(28) is unique. Hence, Erc is strictly

673(i.e., unimodal) concave if 2kð2þ brðf ðAÞ � rÞÞ þ ra2f ðAÞ
674ð2þ 2rf ðAÞð1� brÞÞ > 0 holds. The proof is completed here. h

6753.1.2. Case-II: Decentralized supply chain when manufacturer is the
676decision maker (MDCS)
677In decentralized decision making, the manufacturer and the
678retailer are interested to achieve maximum individual profits.
679Interactions between the manufacturer and the retailer are consid-
680ered as a Stackelberg game. The manufacturer acts as the Stackel-
681berg leader of the channel and the retailer is it’s follower. In
682Stackelberg game, leader makes first move and follower then
683reacts by consistent playing the best move with available informa-
684tion. The objective of the leader is to design optimal strategies in
685favor of him. In this way, the manufacturer first announces the lot-
686size Qr and promotional effort qof the product to the retailer.
687Based on the manufacturer’s decision, the retailer determines the
688retail price pr .
689In this case, as the manufacturer determines the optimal values
690of Qr and q. Now, differentiating Emr given in Eq. (5) partially with
691respect to Qr and q, the following derivatives are
692
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@Emr

@Qr
¼ ðw� crÞ � vFðAÞ; ð29Þ

694694

695

@2Emr

@Q2
r

¼ �vf ðAÞ < 0; ð30Þ
697697

698
@Emr

@q
¼ avFðAÞ � 2tkq; ð31Þ

700700

701

@2Emr

@q2 ¼ �a2vf ðAÞ � 2tk < 0; ð32Þ
703703

704

@2Emr

@q@Qr
¼ @2Emr

@Qr@q
¼ avf ðAÞ; ð33Þ

706706

707
@Err

@pr
¼ l� 2brpr þ aqþ brr � brðr � vÞFðAÞ; ð34Þ

709709

710

@2Err

@p2
r

¼ �2br � b2
r ðr � vÞf ðAÞ < 0: ð35Þ

712712

713 Equating Eqs. (29) and (30) to zero and solving these, the optimal
714 values of (Qr;q) are as follows
715

Q �
r ¼ F�1 w� cr

v

� �
� brp

�
r þ aq�

h i
ð36Þ717717

718 and
719

q� ¼ aðw� crÞ
2tk

; ð37Þ721721

722 where the optimum value of pr is obtained by solving Eq. (34) and
723 putting above values of (Q �

r ;q�) as follows:
724

p�
r ¼

1
2br

lþ a2ðw� crÞ
2tk

þ rbr �
brðr � vÞðw� crÞ

v

� �
: ð38Þ

726726

727 Now, substituting the values of q� and p�
r in Eq. (36), the simplified

728 expressions of Qr ;pr and q are obtained as follows:
729

Q �
r ¼ F�1 w� cr

v

� �
� ðlþ rbrÞ

2
þ ðw� crÞ

2
brðr � vÞ

v � a2

tk

� �
; ð39Þ

731731

732

p�
r ¼

1
2br

lþ a2ðw� crÞ
2tk

þ rbr �
brðr � vÞðw� crÞ

v

� �
ð40Þ

734734

735 and
736

q� ¼ aðw� crÞ
2tk

; ð41Þ738738

739

740 Proposition 2. The profit functions Emr and Err are strictly concave
741 functions.

742 Proof. Here, the Hessian matrix of Emr is
743

H ¼
@2Emr

@Q2
r

@2Emr
@q@Qr

@2Emr
@q@Qr

@2Emr
@q2

0
@

1
A:

745745

746 Substituting the above second order partial derivatives, the Hessian
747 matrix is
748

H ¼ �vf ðAÞ avf ðAÞ
avf ðAÞ �a2vf ðAÞ � 2tk

� �
:

750750

751 The profit function Emr would be concave if the value of the deter-
752 minant of the Hessian matrix H is positive, i.e., jHj > 0 and the value

753of the second order partial derivatives @2Emr

@Q2
r

and @2Emr
@q2 are both

754negative.

755Now, jHj ¼ 2tkvf ðAÞ > 0 as f ðAÞ > 0; @
2Emr

@Q2
r
¼ �vf ðAÞ < 0 and

756
@2Emr
@q2 ¼ �a2vf ðAÞ � 2tk < 0. Moreover, the stationary point

757(Qr ; pr ;q) provided in Eqs. (39)–(41) is unique. Therefore, Emr is a
758strictly concave function. Similarly, Err is strictly concave because

759
@2Err
@p2r

¼ �2br � b2r ðr � vÞf ðAÞ < 0 as r > v . The proof is completed

760here. h

7613.1.3. Case-III: Decentralized supply chain when retailer is the decision

762maker (RDCS)

763In this case, manufacturer is the follower of the decisions taken
764by the retailer. Then, the retailer optimize the respective lotsizes
765and sales price, service level and promotional effort to obtain max-
766imum value of Err . Then, the partial derivatives of Err are
767

@Err

@Qr
¼ ðr �wÞ � ðr � vÞFðAÞ; ð42Þ

769769

770

@2Err

@Q2
r

¼ �ðr � vÞf ðAÞ < 0; 8r > v ; ð43Þ
772772

773
@Err

@pr
¼ ðl� 2brpr þ aqþ brrÞ � ðr � vÞbrFðAÞ; ð44Þ

775775

776

@2Err

@p2
r

¼ �2br � ðr � vÞb2
r f ðAÞ < 0; 8r > v ; ð45Þ

778778

779
@Err

@q
¼ aðpr � rÞ þ aðr � vÞFðAÞ � 2ð1� tÞkq; ð46Þ

781781

782

@2Err

@q2 ¼ �a2ðr � vÞf ðAÞ � 2ð1� tÞk < 0; 8r > v ; ð47Þ
784784

785

@2Err

@Qr@q
¼ @2Err

@q@Qr
¼ aðr � vÞf ðAÞ; ð48Þ

787787

788

@2Err

@Qr@pr
¼ @2Err

@pr@Qr
¼ ðv � rÞbrf ðAÞ ð49Þ

790790

791and
792

@2Err

@q@pr
¼ @2Err

@pr@q
¼ aþ aðr � vÞbrf ðAÞ: ð50Þ

794794

795Equating Eqs. (42), (44) and (46) to zero and solving these, the opti-
796mal solutions are as follows:
797

Q � ¼ F�1 r �w
r � v

� �
� brp

�
r þ aq�

h i
; ð51Þ 799799

800

p�
r ¼

lþ aq� þ brw
2br

; ð52Þ
802802

803

q� ¼ aðp�
r �wÞ

2ð1� tÞk : ð53Þ
805805

806Now, substituting the values of q� and p�
r in the Eq. (51), the simpli-

807fied expressions of (Qr ;pr ;q) are obtained as follows:
808

Q � ¼ F�1 r �w
r � v

� �
þ a2ðlþ arÞ � 2ð1� tÞkbrðlþ brwÞ

4brð1� tÞk� a2 ; ð54Þ
810810
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811

p�
r ¼

2ðlþ brwÞð1� tÞk� a2w
4brð1� tÞk� a2 ð55Þ

813813

814 and
815

q� ¼ aðl� brwÞ
4brð1� tÞk� a2 : ð56Þ

817817

818

819 Proposition 3. The profit function Err is a strictly concave function if
820 6kð1� tÞ þ f ðAÞ½2ðr2 � a2Þ
821 þa2ðr � vÞðbr � 2Þf ðAÞ þ 2ð1� tÞkbr � > 0.

822 Proof. Now, the Hessian matrix of Err is
823

H ¼

@2Err
@Q2

r

@2Err
@Qr@pr

@2Err
@Qr@q

@2Err
@Qr@pr

@2Err
@p2r

@2Err
@pr@q

@2Err
@Qr@q

@2Err
@pr@q

@2Err
@q2

0
BBB@

1
CCCA:

825825

826 Using the values of the above second order derivatives in H, the
827 Hessian matrix is
828

H ¼
�ðr � vÞf ðAÞ aðr � vÞf ðAÞ ðv � rÞbr f ðAÞ
aðr � vÞf ðAÞ �a2ðr � vÞf ðAÞ � 2ð1� tÞk aþ aðr � vÞf ðAÞ
ðv � rÞbr f ðAÞ aþ aðr � vÞf ðAÞ �2br � ðr � vÞb2

r f ðAÞ

0
B@

1
CA:

830830

831 If the principal minors at the stationary point are alternatively neg-
832 ative and positive, i.e. the kth order leading principal minor Dk takes
833 the sign of ð�1Þk,then the profit function Err is maximum at that sta-
834 tionary point. Here, D1 ¼ �ðr � vÞf ðAÞ < 0 if r > v and f ðAÞ > 0 D2

835
¼ �ðr � vÞf ðAÞ aðr � vÞf ðAÞ

aðr � vÞf ðAÞ �a2ðr � vÞf ðAÞ � 2ð1� tÞk
����

���� ¼ 2ð1� tÞkðr � vÞ
836 f ðAÞ > 0 as r > v and t < 1 D3 ¼ �ðr � vÞf ðAÞ aðr � vÞj
837 f ðAÞðv � rÞbrf ðAÞaðr � vÞf ðAÞ� a2ðr � vÞf ðAÞ � 2ð1� tÞka þaðr � vÞ
838 f ðAÞðv � rÞbrf ðAÞa þaðr � vÞf ðAÞ � 2br � ðr � vÞb2

r f ðAÞj ¼ �6kð1� tÞ
839 ðr � vÞ2brf ðAÞ � ðr � vÞ2brf

2ðAÞ½2ðr2 � a2Þ þ a2ðr � vÞðbr � 2Þ f ðAÞþ
840 2ð1� tÞkbr � < 0 if 6kð1� tÞ þ f ðAÞ½2ðr2 � a2Þ þ a2ðr � vÞðbr � 2Þ
841 f ðAÞ þ 2ð1� tÞkbr � > 0 holds. The stationary point provided in Eqs.
842 (54)–(56) are unique. Therefore, the profit function Err is strictly
843 concave if 6kð1� tÞ þ f ðAÞ½2ðr2 � a2Þ þ a2ðr � vÞðbr � 2Þf ðAÞþ
844 2ð1� tÞkbr � > 0 holds. The proof is completed here. h

845 3.2. Direct online e-tail channel environment (EC)

846 When the manufacturer does business through direct online e-
847 tail channel (EC) only, there is no retailer between the manufac-
848 turer and the customers. The order of the product is directly placed
849 through the internet and the product is directly shipped from the
850 warehouse of the manufacturer to the address specified by the
851 end customer. The expected profit EecðQe; pe; sÞ of the manufacturer
852 in the e-tail channel is provided in Eq. (8). In this case, the decision
853 variables of the manufacturer are the lot size Qe, the e-tail price pe

854 and service level assurance s.
855 The partial derivatives of EecðQe; pe; sÞ with respect to Qe, pe and
856 s are
857

@Eec

@Qe
¼ ðre � ceÞ � reFðBÞ; ð56Þ

859859

860

@2Eec

@Q2
e

¼ �ref ðBÞ < 0; ð57Þ
862862

863
@Eec

@pe
¼ ðl� 2bepe þ dsþ rebeÞ � rebeFðBÞ; ð58Þ

865865

866

@2Eec

@p2
e

¼ �2be � reb
2
e f ðBÞ < 0; ð59Þ

868868

869
@Eec

@s
¼ dpe � redþ redFðBÞ � ns; ð60Þ 871871

872

@2Eec

@s2
¼ �red

2f ðBÞ � n < 0; ð61Þ 874874

875

@2Eec

@Qe@pe
¼ @2Eec

@pe@Qe
¼ �rebef ðBÞ; ð62Þ

877877

878

@2Eec

@Qe@s
¼ @2Eec

@s@Qe
¼ redf ðBÞ ð63Þ

880880

881and
882

@2Eec

@s@pe
¼ @2Eec

@pe@s
¼ dþ rrdbef ðBÞ: ð64Þ

884884

885Equating Eqs. (56), (58) and (60) to zero and solving these, the opti-
886mal values of the decision variables are as follows:
887

Q �
e ¼ F�1ðre � ce

re
Þ � bep

�
e þ ds�; ð65Þ 889889

890

p�
e ¼

lþ ds� þ bece
2be

ð66Þ
892892

893and
894

s� ¼ dðp�
e � ceÞ
n

: ð67Þ 896896

897Substituting the values of s� and p�
e in the Eq. (65), the explicit opti-

898mal values of Qe;pe and s are as follows:
899

Q �
e ¼ F�1 re � ce

re

� �
þ d2l� nbel� nb2

e ce
2nbe � d2

; ð68Þ
901901

902

p�
e ¼

nlþ nbece � d2ce
2nbe � d2

ð69Þ
904904

905and
906

s� ¼ dðl� beceÞ
2nbe � d2

: ð70Þ
908908

909

910Proposition 4. The profit function Eec is a strictly concave function if
911f2þ rebef ðBÞgfn
912þred2f ðBÞg > ref ðBÞðnbe þ dÞ þ d2fð1þ rrbef ðBÞÞ2 � ref ðBÞgholds.

913Proof. The Hessian matrix of EecðQe; pe;qÞ is 914

H ¼

@2Eec
@Q2

e

@2Eec
@Qe@pe

@2Eec
@Qe@s

@2Eec
@Qe@pe

@2Eec
@p2e

@2Eec
@pe@s

@2Eec
@Qe@s

@2Eec
@pe@s

@2Eec
@s2

0
BBB@

1
CCCA:

916916

917At the values of respective second order partial derivatives, the Hes-
918sian matrix is
919

H ¼
�ref ðBÞ �rebef ðBÞ redf ðBÞ
�rebef ðBÞ �2be � b2

e ref ðBÞ dþ rrdbef ðBÞ
redf ðBÞ dþ rrdbef ðBÞ �red

2f ðBÞ � n

0
B@

1
CA:

921921

922If the principal minors at the stationary point (Qe; pe;q) are alterna-
923tively negative and positive, i.e. the kth order leading principal
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924 minor Dk takes the sign of ð�1Þk,then the profit function Eec is max-
925 imum and it is unimodal as the stationary point is unique.
926 Here, D1 ¼ �ref ðBÞ < 0 as f ðBÞ > 0,

927
D2 ¼ �ref ðBÞ �rebef ðBÞ

�rebef ðBÞ �2be � b2e ref ðBÞ
����

���� ¼ 2rebef ðBÞ > 0 and

928

D3 ¼
�ref ðBÞ �rebef ðBÞ redf ðBÞ
�rebef ðBÞ �2be � b2e ref ðBÞ dþ rrdbef ðBÞ
redf ðBÞ dþ rrdbef ðBÞ �red2f ðBÞ � n

������
������ ¼ �rebef ðBÞ

929 ½f2þ rebef ðBÞgfnþ red2f ðBÞg � ref ðBÞðnbe þ dÞ �d2fð1þ rrbef ðBÞÞ2
930 �ref ðBÞg� < 0 if f2þ rebef ðBÞgfnþ red2f ðBÞg > ref ðBÞðnbe þ dÞ þd2

931 fð1þ rrbef ðBÞÞ2 � ref ðBÞg holds.
932 Therefore, the profit function Eec is strictly concave function if

933 f2þ rebef ðBÞgfnþ red2f ðBÞg > ref ðBÞðnbe þ dÞ þd2fð1þ rrbef ðBÞÞ2
934 �ref ðBÞg holds. The proof is completed here. h

935 3.3. Dual channel environment (DC)

936 In this section, a centralized dual-channel supply channel is
937 considered in which the manufacturer and the retailer are verti-
938 cally integrated with traditional channel as well as direct online
939 e-tail channel. The integrated expected profit function EIPdc given
940 in Eq. (13) contains the decision variables Qr , Qe; pr ; pe, q and s.
941 The partial derivatives of EIPdcðQr ;Qe; pr; pe;q; sÞ with respect to
942 the decision variables Qr;Qe; pr ; pe;q and s are
943

@EIPdc

@Qr
¼ �cr þ r � rFðDÞ; ð71Þ

945945

946

@2EIPdc

@Q2
r

¼ �rf ðDÞ < 0; ð72Þ
948948

949
@EIPdc

@Qe
¼ �ce þ re � reFðGÞ; ð73Þ

951951

952

@2EIPdc

@Q2
e

¼ �ref ðGÞ < 0; ð74Þ
954954

955
@EIPdc

@pr
¼ ðl� 2brpr þ cepe þ aqþ crpe þ rbr � recrÞ

� rbrFðDÞ þ crreFðGÞ; ð75Þ957957

958

@2EIPdc

@p2
r

¼ �2br � rb2
r f ðDÞ � rec2r f ðGÞ < 0; ð76Þ

960960

961
@EIPdc

@pe
¼ ðl� 2bepe þ crpr þ dsþ cepr � rce � rebeÞ

þ rceFðDÞ � rebeFðGÞ; ð77Þ963963

964

@2EIPdc

@p2
e

¼ �2be � rc2e f ðDÞ � reb
2
e f ðGÞ < 0; ð78Þ

966966

967
@EIPdc

@s
¼ dpe � dre þ dreFðGÞ � ns; ð79Þ969969

970

@2EIPdc

@s2
¼ �red

2f ðGÞ � n < 0; ð80Þ972972

973
@EIPdc

@q
¼ apr � ar þ arFðDÞ � 2kq; ð81Þ

975975

976

@2EIPdc

@q2 ¼ �ra2f ðDÞ � 2k < 0; ð82Þ
978978

979

@2EIPdc

@Qr@Qe
¼ @2EIPdc

@Qe@Qr
¼ 0; ð83Þ

981981

982

@2EIPdc

@Qr@pr
¼ @2EIPdc

@pr@Qr
¼ �rbrf ðDÞ; ð84Þ

984984

985

@2EIPdc

@Qr@pe
¼ @2EIPdc

@pe@Qr
¼ rcef ðDÞ; ð85Þ

987987

988

@2EIPdc

@Qr@q
¼ @2EIPdc

@q@Qr
¼ raf ðDÞ; ð86Þ

990990

991

@2EIPdc

@Qr@s
¼ @2EIPdc

@s@Qr
¼ 0; ð87Þ

993993

994

@2EIPdc

@Qe@pr
¼ @2EIPdc

@pr@Qe
¼ recrf ðGÞ; ð88Þ

996996

997

@2EIPdc

@Qe@pe
¼ @2EIPdc

@pe@Qe
¼ �rebef ðGÞ; ð89Þ

999999

1000

@2EIPdc

@Qe@q
¼ @2EIPdc

@q@Qe
¼ 0; ð90Þ

10021002

1003

@2EIPdc

@Qe@s
¼ @2EIPdc

@s@Qe
¼ redf ðGÞ; ð91Þ

10051005

1006

@2EIPdc

@pr@pe
¼ @2EIPdc

@pe@pr
¼ ðce þ crÞ þ rcebrf ðDÞ � rebecrf ðGÞ; ð92Þ

10081008

1009

@2EIPdc

@pr@q
¼ @2EIPdc

@q@pr
¼ að1þ rbrf ðDÞÞ; ð93Þ

10111011

1012

@2EIPdc

@pr@s
¼ @2EIPdc

@s@pr
¼ �recrdf ðGÞ; ð94Þ

10141014

1015

@2EIPdc

@pe@q
¼ @2EIPdc

@q@pe
¼ �arcef ðDÞ; ð95Þ

10171017

1018

@2EIPdc

@pe@s
¼ @2EIPdc

@s@pe
¼ dð1þ rebef ðGÞÞ; ð96Þ

10201020

1021

@2EIPdc

@q@s
¼ @2EIPdc

@s@q
¼ 0: ð97Þ

10231023

1024Equating Eqs. (71), (73), (75), (77), (79) and (81) to zero and solving
1025these, the required optimal solutions of the decision variables are as
1026follows:
1027

Q �
r ¼ F�1ðr � cr

r
Þ � brp

�
r þ cep

�
e þ aq�; ð98Þ 10291029

1030

Q �
e ¼ F�1ðre � ce

re
Þ � bep

�
e þ crp

�
r þ ds�; ð99Þ 10321032

1033where p�
r ;p

�
e;q�; s� are given by

1034
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1035

1036 and
1037

s� ¼ a2dðl� bece þ crcrÞ þ 4kdbrðcebe � lÞ þ 2kdðce þ crÞðcrbr � cece � lÞ
2na2be � a2d2 þ 4kd2br þ 2knð4bebr � ðce þ crÞ2Þ

:

ð103Þ10391039

1040

1041 Proposition 5. The profit function EIPdc is a strictly concave function,

1042 i.e., EIPdc attains its maximum value at a unique stationary point

1043 (Q�
r ;Q

�
e; p

�
r ; p

�
e;q�; s�) if 4bebr � ðcr � rbrcef ðDÞÞ2

1044 þreð1þ rbrf ðDÞ � 2becrf ðGÞÞð2ðrbrcef ðDÞ � crÞ
1045 þreð2becrf ðGÞ � 1� rbrf ðDÞÞÞ > 0, kðcr � rbr
1046 cef ðDÞÞ2 � beða2 � 4kbrÞ � rekð1
1047 þrbrf ðDÞ � 2becrf ðGÞÞð2ðrbrcef ðDÞ � crÞ�
1048 ð1þ rbrf ðDÞ � 2becrf ðGÞÞÞ > 0 and ða2 � 4kbrÞðd2 � 2nbeÞ�
1049 2knc2r þ 2knrbrcef ðDÞð2cr � rbrcef ðDÞÞ
1050 þ4knreð1þ rbrf ðDÞ � 2becrf ðGÞÞðrbrcef ðDÞ � rÞ > 0 hold
1051 simultaneously.

1052 Proof. The Hessian matrix of EIPdc is
1053

H ¼

@2EIPdc
@Q2

r

@2EIPdc
@Qr@Qe

@2EIPdc
@Qr@pr

@2EIPdc
@Qr@pe

@2EIPdc
@Qr@q

@2EIPdc
@Qr@s

@2EIPdc
@Qe@Qr

@2EIPdc
@Q2

e

@2EIPdc
@Qe@pr

@2EIPdc
@Qe@pe

@2EIPdc
@Qe@q

@2EIPdc
@Qe@s

@2EIPdc
@pr@Qr

@2EIPdc
@pr@Qe

@2EIPdc
@p2r

@2EIPdc
@pr@pe

@2EIPdc
@pr@q

@2EIPdc
@pr@s

@2EIPdc
@pe@Qr

@2EIPdc
@pe@Qe

@2EIPdc
@pe@pr

@2EIPdc
@p2e

@2EIPdc
@pe@q

@2EIPdc
@pe@s

@2EIPdc
@q@Qr

@2EIPdc
@q@Qe

@2EIPdc
@q@pr

@2EIPdc
@q@pe

@2EIPdc
@q2

@2EIPdc
@q@s

@2EIPdc
@s@Qr

@2EIPdc
@s@Qe

@2EIPdc
@s@pr

@2EIPdc
@s@pe

@2EIPdc
@s@q

@2EIPdc
@s2

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

:

10551055

1056 Putting the values of the second order derivatives into the above,
1057 the Hessian matrix is
1058

1059 where h1 ¼ �2br � rb2
r f ðDÞ � rec2r f ðGÞ and h2 ¼ ðce þ crÞþ

1060 rcebrf ðDÞ � rebecrf ðGÞ and h3 ¼ �2be � rc2e f ðDÞ � reb
2
e f ðGÞ. Now,

1061
D1 ¼ �rf ðDÞ < 0 as f ðDÞ > 0, D2 ¼ �rf ðDÞ 0

0 �ref ðGÞ
����

���� ¼
1062rref ðDÞf ðGÞ > 0 as f ðDÞ and f ðGÞ > 0,

1063

D3 ¼
�rf ðDÞ 0 �rbrf ðDÞ

0 �ref ðGÞ recrf ðGÞ
�rbrf ðDÞ recrf ðGÞ h1

������
������ ¼ �2rrebrf ðDÞf ðGÞ < 0 as

1064f ðDÞ > 0 and f ðGÞ > 0,

1065

D4 ¼
�rf ðDÞ 0 �rbrf ðDÞ rcef ðDÞ

0 �ref ðGÞ recrf ðGÞ �rebef ðGÞ
�rbrf ðDÞ recrf ðGÞ h1 h2

rcef ðDÞ �rebef ðGÞ h2 h3

��������

��������
¼ rre f ðDÞf ðGÞ

1066½4bebr � ðcr � rbrcef ðDÞÞ2 � r2e ð1þ rbr f ðDÞ � 2becrf ðGÞÞ2 þ2reðrbrce
1067f ðDÞ � c2Þð1þ rbrf ðDÞ �2becrf ðGÞÞ2� ¼ rref ðDÞf ðGÞ½4bebr� ðcr � rbr

1068cef ðDÞÞ2 þreð1þ rbrf ðDÞ � 2becr f ðGÞÞ ð2ðrbrcef ðDÞ � crÞ þ reð2be

1069crf ðGÞ � 1� rbrf ðDÞÞÞ� > 0 if 4bebr � ðcr � rbrcef ðDÞÞ2þ reð1þ
1070rbrf ðDÞ �2becrf ðGÞÞð2ðrbrcef ðDÞ � crÞþ reð2becrf ðGÞ � 1� rbrf ðDÞÞÞ

1071

> 0 holds, D5 ¼

�rf ðDÞ 0 �rbr f ðDÞ rcef ðDÞ raf ðDÞ
0 �ref ðGÞ recr f ðGÞ �rebef ðGÞ 0

�rbr f ðDÞ recr f ðGÞ h1 h2 að1þ rbr f ðDÞÞ
rcef ðDÞ �rebef ðGÞ h2 h3 �arcef ðDÞ
raf ðDÞ 0 að1þ rbr f ðDÞÞ �arcef ðDÞ �ra2f ðDÞ�2k

����������

����������
¼

10722rref ðDÞf ðGÞ½beð4kbr �a2Þþkðcr � rbrcef ðDÞÞ2� 2rek ðrbrcef ðDÞ�crÞð 1þ rbr f ðDÞ�
10732becr f ðGÞÞþkr2e ð1þ rbr f ðDÞ�2becr f ðGÞÞ2� ¼�2rref ðDÞf ðGÞ½kðcr � rbrcef ðDÞÞ2� be

1074ða2 �4kbrÞ� rekð1þ rbr f ðDÞ�2becr f ðGÞÞð2ðrbrcef ðDÞ�crÞ�ð1þ rbr f ðDÞ�2becr
1075f ðGÞÞÞ� <0 if kðcr � rbrcef ðDÞÞ2 �beða2 �4kbrÞ� rekð1þ rbr f ðDÞ� 2becr f ðGÞÞ
1076ð2ðrbrcef ðDÞ�crÞ �ð1þ rbr f ðDÞ�2becr f ðGÞÞÞ>0 holds and

1077

D6 ¼

�rf ðDÞ 0 �rbr f ðDÞ rcef ðDÞ raf ðDÞ 0
0 �ref ðGÞ recr f ðGÞ �rebef ðGÞ 0 redf ðGÞ

�rbr f ðDÞ recr f ðGÞ h1 h2 �recrdf ðGÞ
rcef ðDÞ �rebef ðGÞ h2 h3 �arcef ðDÞ dð1þ rebef ðGÞÞ
raf ðDÞ 0 að1þ rbr f ðDÞÞ �arcef ðDÞ �ra2f ðDÞ�2k 0

0 redf ðGÞ �recrdf ðGÞ dð1þ rebef ðGÞÞ 0 �red2f ðGÞ�n

������������

������������
¼

1078rref ðDÞf ðGÞ½ða2 �4kbrÞðd2 �2nbeÞ�2knc2r þ2knrbrcef ðDÞð2cr � rbrcef ðDÞÞþ4knre ð1þ rbr

1079f ðDÞ�2becr f ðGÞÞðrbrcef ðDÞ� rÞ�>0 if ½ða2 �4kbrÞðd2 �2nbeÞ �2knc2r þ 2knrbrcef ðDÞð
10802cr � rbrcef ðDÞÞ þ4knreð1þ rbr f ðDÞ�2becr f ðGÞÞðrbrcef ðDÞ� rÞ�>0 holds. Here, the station-

1081ary point provided in Eqs. (98)–(103) is unique. Consequently, the principal minors of the

1082Hessian matrix are alternatively negative and positive when 4bebr �ðcr � rbrcef ðDÞÞ2

1083þreð1þ rbr f ðDÞ�2becr f ðGÞÞð2ðrbrcef ðDÞ�crÞ þreð2becr f ðGÞ�1� rbr f ðDÞÞÞ>0, kðcr � rbrce

1084f ðDÞÞ2 �beða2 �4kbrÞ� rekð1 þrbr f ðDÞ�2becr f ðGÞÞð2ðrbrcef ðDÞ�crÞ� ð1þ rbr f ðDÞ�2becr
1085f ðGÞÞÞ>0 and ða2 �4kbrÞ ðd2 �2nbeÞ�2knc2r þ2knrbrcef ðDÞð2cr � rbrcef ðDÞÞ þ4knre

p�
r ¼

a2crð2nbe � d2Þ þ 2kððd2ce � nðlþ cebe � crceÞÞðce þ crÞÞ � ð2nbe � d2Þðlþ crbr � cecrÞ
2na2be � a2d2 þ 4kd2br � 2knð4bebr � ðce þ crÞ2Þ

; ð100Þ

p�
e ¼

ðnlþ nbece � d2ceÞða2 � 4kbrÞ þ na2crcr þ 2knðce þ crÞðcrbr � l� cecrÞ
2na2be � a2d2 þ 4kd2 þ 2knððce þ crÞ � 4bebrÞ

; ð101Þ

q� ¼
acr
2k � ða3d2cr � 2na3crbeÞ � 2kaððdce � nlþ ncebe þ ncrceÞðce þ crÞ � ð2nbe � d2Þðlþ crbr � cecrÞÞ

2kð2na2be � a2d2 þ 4kd2brÞ þ 2knððce þ crÞ2 � 4bebrÞ
ð102Þ

H ¼

�rf ðDÞ 0 �rbrf ðDÞ rcef ðDÞ raf ðDÞ 0
0 �ref ðGÞ recrf ðGÞ �rebef ðGÞ 0 redf ðGÞ

�rbrf ðDÞ recrf ðGÞ h1 h2 að1þ rbrf ðDÞÞ �recrdf ðGÞ
rcef ðDÞ �rebef ðGÞ h2 h3 �arcef ðDÞ dð1þ rebef ðGÞÞ
raf ðDÞ 0 að1þ rbrf ðDÞÞ �arcef ðDÞ �ra2f ðDÞ � 2k 0

0 redf ðGÞ �recrdf ðGÞ dð1þ rebef ðGÞÞ 0 �red
2f ðGÞ � n

0
BBBBBBBB@

1
CCCCCCCCA
;
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1086 ð1þ rbr f ðDÞ�2becr f ðGÞÞðrbrcef ðDÞ� rÞ>0 hold simultaneously. Hence, EIPdc is strictly con-

1087 cave function. The proof is completed here. h

1088 4. Numerical example

1089 The values of the key parameters in appropriate units are con-

1090 sidered as follows: ff ðxÞ ¼ 1
r
ffiffiffiffi
2p

p e�
1
2ð

x�li
ri

Þ2
;8 �1 6 x 6 1g;l ¼ 150

1091 units, r ¼ 2 units, a ¼ 0:4; br ¼ 0:9; be ¼ 0:7; cr ¼ 0:3;
1092 ce ¼ 0:2; cr ¼ $6, ce ¼ $8;w ¼ $9; r ¼ $10; re ¼ $12;v ¼ $7; k ¼ 4;
1093 t ¼ 0:15;n ¼ 3. Then, the optimal solutions for different cases are
1094 shown in the following Tables 1–8. Table 1 shows the optimal solu-
1095 tion for the retail-channel environment (RC). In Table 1, it is
1096 observed that integrated system is best strategy for the members
1097 of the chain and the required profit sharing and their respective
1098 profits are given in Table 1. In the previous analysis, the profit func-
1099 tions are concave and the required optimal solutions are provided
1100 in this Table. For Case-I(CS), the hessian matrix at the respective
1101 optimal solutions is negative definite as the eigenvalues are
1102 (�2:06104;�0:662143;�0:373959) all negative. In Case-II
1103 (MDCS), the hessian matrix at the respective optimal solutions is
1104 negative definite, as the eigenvalues are (�2:63336;�0:287042)
1105 negative. In Case-III(RDCS), the hessian matrix at the respective
1106 optimal solutions is negative definite, because the eigenvalues
1107 are (�3:74002;�1:56679;�0:648655). In Case-IV(EC), the hessian
1108 matrix at the respective optimal solutions is negative definite
1109 due to negative eigenvalues (�5:34022;�1:72624;�0:643392).
1110 Based on optimal values provided in Tables 1–8, it is observed
1111 that dual channel equipped with promotional effort and service
1112 level assurance generates more profit than the other alternatives.
1113 Moreover, profit through dual channel with promotional effort
1114 and without service level assurance is lower than the profit in dual
1115 channel equipped with both the efforts. Similarly, profit in DC
1116 without promotional effort and with service level assurance is
1117 higher than the expected profit when service level assurance is
1118 not applied. Therefore, DC is more effective if sales service level
1119 assurance is offered to the customers at free of cost. The above
1120 numerical study suggests to the management of the chain to incor-
1121 porate service level assurance in e-tail channel and promotional

1122effort in retail channel to attract the customers to buy more. Using
1123promotional effort and service level assurance, management of the
1124chain obtains a better solution to help the company to communi-
1125cate the value of the serviced they deliver and identify service
1126options that will help in advance their businesses further.

11275. Conclusion

1128In the present article, a management problem related to supply
1129chain management consisting of one manufacturer and one retailer
1130is studied to find out optimal order quantities, sales prices, promo-
1131tional effort and service level, assuming uncertainty in the market

Table 1
Optimal solution in traditional retail channel environment.

Scenarios
under RC

Optimal values of variables

Q�
r p�r ($) q� E�rc ($) E�rr ($) E�mr ($)

Case-I(CS) 87.523 70.60 4.0618 5618.38 – –
Case-II

(MDCS)
85.7208 71.03 0.03 – 5337.76 252.729

Case-III
(RDCS)

86.2236 71.9908 9.39735 – 5183.29 205.693

Table 2
Optimal solution in direct online channel environment.

Scenarios under EC Optimal values of variables

Q�
e p�e ($) s� E�ec ($)

Case-IV 113.404 55.56 10.5401 5259.86

Table 3
Optimal solution in dual channel environment.

Scenarios under DC Optimal values of variables

Q�
r Q�

e p�r ($) p�e ($) q� s� EIP�
dc ($)

Case-V 66.2272 80.769 130.92 160.30 6.24586 15.2306 20253.80

Table 4
Optimal solution in traditional retail channel environment taking there is no
promotional effort, i.e., q ¼ 0.

Scenarios under RC Optimal values of variables

Q�
r p�r ($) E�rc ($) E�rr ($) E�mr ($)

Case-I(CS) 86.5563 69.93 5558.21 – –
Case-II(MDCS) 70.7185 87.69 – 5590.95 207.74
Case-III(RDCS) 85.108 71.15 – 5340.39 –

Table 5
Optimal solution in direct online channel environment without service level
assurance, i.e., s ¼ 0.

Scenarios under EC Optimal values of variables

Q�
e p�e ($) E�ec ($)

Case-IV 111.017 54.46 5189.13

Table 6
Optimal solution in dual channel environment without the effect of promotional
effort and service level assurance, i.e., q ¼ 0 and s ¼ 0.

Scenarios under DC Optimal values of variables

Q�
r Q�

e p�r ($) p�e ($) EIP�
dc ($)

Case-V 57.5758 93.3204 411.636 358.618 19762.20

Table 7
Optimal solution in dual channel environment taking the promotional effort non-zero
but sales service effort zero, i.e., q – 0 and s ¼ 0.

Scenarios
under DC

Optimal values of variables

Q�
r Q�

e p�r ($) p�e ($) q EIP�
dc ($)

Case-V 66.3984 78.4335 129.89 156.67 6.19492 19914.20

Table 8
Optimal solution in dual channel environment taking both the promotional effort
zero but sales service effort non-zero, i.e., q ¼ 0 and s – 0.

Scenarios
under DC

Optimal values of variables

Q�
r Q�

e p�r ($) p�e ($) s EIP�
dc ($)

Case-V 65.0062 80.6833 129.37 159.74 15.1742 20099.70
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1132 demand.In addition when there is uncertainty in the demand of the
1133 traditional channel(brick-and-mortar retail store), the manufac-
1134 turer will design a special strategy to cope with different channel
1135 setting and to obtain more expected profit. The traditional retail
1136 channel is owned by the other member of the channel that is the
1137 retailer and the other is an e-channel in which customers place
1138 orders through the Internet. Furthermore, a decentralized system
1139 cannot always outperform a system with a integrated optimistic
1140 and pessimistic market setting well. Finally, for a decentralized
1141 system, the more optimistic market setting causes higher optimal
1142 selling prices otherwise, the more pessimistic the market setting
1143 causes lower optimal selling prices. Consequently, the integrated
1144 system suggests the optimal selling prices for the channel mem-
1145 bers to avoid pessimistic and optimistic situations so that the
1146 members may achieve optimum profits according to their contri-
1147 bution to the coordination of the channel. The solution of service
1148 level agreement can help the organization to better articulate the
1149 value of information technology in business terms and understand
1150 service performance from the top to down of the chain. Manage-
1151 ment often uses promotional effort and service level assurance in
1152 practice to coordinate supply chain, and it is observed that these
1153 mechanisms are directionally effective.
1154 The proposed model has some limitations such as sales prices,
1155 promotional efforts and service level assurance are deterministic
1156 and continuous variables. The deterministic limitations can be
1157 waived considering uncertain pricing, promotional effort and ser-
1158 vice level and the continuous feature can be relaxed by considering
1159 discrete decision variables in future. This model might be extended
1160 immediately taking into account of trade credit financing strategy
1161 and supply disruption, i.e., lead time of delivery of the products.
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