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ADVANCED PROBABILITY AND STATISTICS 
(MATH 4281) 

 

Time Allotted : 3 hrs                     Full Marks : 70 
 

Figures out of the right margin indicate full marks. 
 

Candidates are required to answer Group A and 
any 5 (five) from Group B to E, taking at least one from each group. 

 

Candidates are required to give answer in their own words as far as practicable. 
 

Group – A 
(Multiple Choice Type Questions) 

 

1.  Choose the correct alternative for the following:       10 × 1 = 10 
 

 (i) The regression lines between two random variables 𝑋 and 𝑌 are given by 
3x +  y =  10 and 3x +  4y =  12. Let 𝑢 = 3𝑥 + 2, 𝑣 = −2𝑦 + 5, then the 
correlation coefficient between 𝑢and𝑣is: 
(a) −0.5.                          (b)  0.5.        (c) −1.            (d) 1. 

 

 (ii) If X represent the number of six, when a fair die is rolled 10 times. The moment 
generating function 𝑀𝑋(𝑡)of 𝑋 is: 

(a) 𝑒
1

6
(𝑒 𝑡−1)                 (b) 𝑒

𝑡2

2        (c)  
1

6
𝑒𝑡 +

5

6
 

10
                       (d)  

5

6
𝑒𝑡 +

1

6
 

10
 

 

 (iii) For normal distribution, the coefficient of skewness  1 and kurtosis  2 are: 

(a) 1 21, 0   .                                     (b) 1 20, 3   . 

(c) 1 20, 0   .      (d) 1 23, 3    .  
 

 (iv) Let the spectrum of a random variable 𝑋 is given by  −10, −9, −8, ⋯  . It is given 
that 𝐸 𝑋 = −6 then the upper bound of 𝑃(𝑋 ≥ −2)is: 
(a) −0.5.        (b) 0.5.     (c) −1      (d) 1.  

 

 (v) If 𝑋 and 𝑌 are independent random variables, then from the following table 
𝑃(𝑋 = 1| 𝑌 = 5) is: 

          𝑋 
𝑌  

0 5 

1 0.3 0.1 

5 0.2 0.4 

(a) 0.4.    (b) 0.6.    (c) 0.     (d) 0.5. 
 

 (vi) If 𝑋 is random variable, then which one of the following is correct? 
(a) 𝐸 𝑋 ≤ |𝐸(𝑋)|      (b) 𝐸 𝑋 ≥ |𝐸(𝑋)| 

(c) 𝐸 𝑋 =
|𝐸(𝑋)|

2
       (d) 𝐸 𝑋 ≠ |𝐸(𝑋)| 
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 (vii) The probability density function of a random variable 𝑋 is 𝑓 𝑥 =  
3𝑥2 , 0 < 𝑥 < 1
0, 𝑒𝑙𝑠𝑒𝑤𝑒𝑟𝑒

 . 

If 𝑔(𝑦) is the probability density function of 𝑌 = 2𝑋 + 3, then 𝑔(𝑦) is: 

(a) 
(y−3)2

16
.   (b) 

y−3

4
.        (c) 

y

4
.                  (d) 6 (y − 3)2. 

 

 (viii) If 𝑋 be the test statistic and (𝑎, 𝑏) is the region of acceptance corresponding to 
3% level of significance, then 𝑃 𝑎 ≤ 𝑋 ≤ 𝑏 = ? 
(a) 0.9.    (b) 0.97.   (c) 0.99.                   (d) 0.03. 

 

 (ix) Iflim𝑛→∞ 𝑃   
1

𝑋+2
− 𝑝 > 𝜖 = 0 hold for arbitrary 𝜖 > 0, then  

(a) 𝑋 is consistent estimator of 𝑝. 

(b) 𝑋 + 2 is consistent estimator of 𝑝. 

(c) 
1

𝑋
 is consistent estimator of 𝑝. 

(d) 
1

𝑋+2
 is consistent estimator of 𝑝. 

 

 (x) Which one of the following is NOT a possible pair of values of  𝐸 𝑋 , 𝐸(𝑋2 ) 

(a)  
2

3
, 1 .           (b)  5, 9 .         (c)  

1

2
,

3

4
 .        (d)  2.5, 5 . 

 

Group – B 
 

2.  (a)  A bag contains 5 white, 7 green, 12 red and 14 black balls. The balls are 
indistinguishable from each other except by colour. A ball is drawn and replaced after 
its colour has been noted, on ten occasions. If any ball is likely to be drawn as any other, 
find the probability that of the ten balls seen 3 will be white, 3 green, 2 red and 2 black.  

 

 (b)  Assume that 5% of the population over 65 years old has Alzheimer’s disease. 
Suppose a random sample of 9600 people over 65 is taken. Using normal 
approximationto binomial distribution, find the probability thatmore than 400 
and fewer than 500 of them have the disease. 

 

 (c)  An insurance company has discovered that only 0.1% of the population is 
involved in a certain type of accident each year. If its 10,000 policy holders were 
randomly selected from the population, what is the probability that not more 
than 5 of its clients are involved in such an accident next year? 

3 + 5 + 4 = 12 
 
3.  (a)  If the density function of a continuous random variable is given by 

  𝑓𝑋(𝑥) =  
2

9
 𝑥 + 1 ,   − 1 < 𝑥 < 2

0   ,     𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
 .  

  Find the density function of 𝑌 =
1

2
 𝑋 + |𝑋| . 

 

 (b)  The amount of time that a watch will run without having to be reset is a random 
variable having an exponential distribution with mean 120 days. Find the 
probability that such a watch will  
(i)  have to be reset in less than 24 days, and 
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(ii)  not have to be reset in at least 180 days. 
6 + 6 = 12 

 

Group – C 
 

4.  (a)  Suppose that an examination contains 99 questions arranged in a sequence from 
the easiest to the most difficult. Supposethat the probability that a particular 
student will answer the first questioncorrectly is 0.99; the probability that he 
will answer the second question correctly is 0.98; and in general, the probability 

that he will answer the ith   questioncorrectly is  

  1 −
i

100
 for i = 1,2, ⋯ ,99. 

  It is assumed that all questions will be answered independently and that the 
student must answer at least 60 questions, correctly to pass the examination. 
What is the probability that the student will pass? (Use Central limit theorem) 

 

 (b)  The joint probability density function of the random variables X  and Y is given 

by      
2, 0 1, 0

,
0 ,

x y x
f x y

elsewhere

   
 


 . 

  Find the marginal and conditional density functions. Also compute 

  𝑃  
1

4
< 𝑋 <

3

4
| 𝑌 =

1

2
 . 

 

 (c)  If the random variable 𝑋 is uniformly distributed over (−
𝜋

2
,
𝜋

2
), find the 

probability density function of 𝑌 = sin 𝑋, using characteristic function. 
4 + 5 + 3 = 12 

 
5.  (a)  Use Chebyshev’s inequality to find how many times a fair die must be tossed in 

order that the probability that the ratio of the number of six to the number of 
tosses will lie between 0.4 and 0.6 will be at least 0.9. 

 

 (b)   (i) Let 𝑋 be a random variable with mean 𝜇 and variance 𝜎2 , and let 𝑀𝑋(𝑡) 
denotes the moment generating function of 𝑋 for  −∞ < 𝑡 < ∞. Let 𝑐 be a 
given positive constant, and let 𝑌 be a random variable for which the 
moment generating function is  

   𝑀𝑌 𝑡 = 𝑒𝑐(𝑀𝑋  𝑡 −1)  for −∞ < 𝑡 < ∞ 
   Find expressions for the mean and the variance of 𝑌 in terms of the 

meanand the variance of 𝑋. 
  (ii) Let 1 2 3, ,X X X  be three mutually independent random variables from a 

discrete distribution with probability function  

   𝑃 𝑋 = 𝑥 =

 
 
 

 
 

1

4
,   𝑥 = −1   

1

2
,    𝑥 = 0

1

4
,   𝑥 = 1 

      0, 𝑒𝑙𝑠𝑒𝑤𝑒𝑟𝑒

   

  Determine the moment generating function,  M t
 of 1 2 3Y X X X . 

5 + (2 + 5) = 12 
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Group – D 
 

6.  (a)  Suppose that eight specimens of a certain type of alloy were produced at 
different temperatures, and that the durability of each specimen was then 
observed. The observed values are as given in following Table, where y 
denotesthe temperature (in coded units) at which specimen was produced 
andxdenotes the durability (in coded units) of that specimen. 

𝑥 44 41 43 42 44 42 43 42 
𝑦 0.5 1 1.5 2 2.5 3 3.5 4 

Fit a parabola of the form 𝑥 = 𝑎 + 𝑏𝑦 + 𝑐𝑦2 to these values by the method of 
least squares. 

 

 (b)  Find the moment-generating function of the random variable 𝑋 which follows 
Normal distribution with parameter 𝜇 and 𝜎2 . Hence use it to find the mean and 

variance of random variable𝑌 =
𝑋−3

 2
. 

6 + 6 = 12 
 
7.  (a)  Calculate skewness and kurtosis for the following distribution and comment on 

the nature of the distribution. 
𝑥 0 1 2 3 4 5 6 7 8 
𝑓 1 8 28 56 70 56 28 8 1 

 

 (b)  The following marks obtained by a class of Engineering students: 
Paper-I(𝑥) 80 45 55 56 58 60 65 68 70 75 85 
Paper-II(𝑦) 81 56 50 48 60 62 64 65 70 74 90 

Find (i) correlation coefficient of 𝑥 and 𝑦, 
(ii) the regression line of ‘𝑦 on 𝑥’ and ‘𝑥 on 𝑦’, 
and (iii) analyse the nature of association between 𝑥 and 𝑦. 

6 + 6 = 12 
 

Group – E 
 

8.  (a)  A Sample of 900 members is found to have a mean of 3.4 𝑐𝑚𝑠. Can it be 
reasonably regarded as a simple sample from a large population with mean 
3.2 𝑐𝑚𝑠 and standard deviation 2.3 𝑐𝑚𝑠? 

 

 (b)  If  𝑥1 , 𝑥2 , 𝑥3 , … . , 𝑥𝑛  are random observations of avariable 𝑋, taking the value 1 

with probability 𝜃 and the value 0 with probability 1 − 𝜃. Show that 
𝑇 𝑇−1 

𝑛 𝑛−1 
 is an 

unbiased estimate of 𝜃2, where 𝑇 =  𝑥𝑖 .
𝑛
𝑖=1  

 

 (c)  Let 𝑝 denote the probability of getting head when a given coin is tossed once. 
Suppose that the null hypothesis 𝐻0: 𝑝 = 0.5 is rejected in favour of 𝐻1: 𝑝 = 0.7 
if10 trials results 8 or more heads. Calculate the probabilities of Type-I error 
and Type-II error.    

3 + 5 + 4 = 12 
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9.  (a)  A random variable 𝑋 can take all non-negative integral values and 𝑃 𝑋 = 𝑖 =
𝑝 1 − 𝑝 𝑖 , 𝑖 = 0, 1, 2, …., where, 𝑝  0 < 𝑝 < 1  is a parameter. Find the maximum 
likelihood estimate of 𝑝 on the basis of a random sample  𝑥1, 𝑥2 , 𝑥3 , … . , 𝑥𝑛   of 
size 𝑛 drawn from the population of 𝑋.  

 
 (b) 12 Samples were taken from a large stock of nuts and their weights were recorded 

(in 𝑔𝑟𝑎𝑚𝑠) as 3.86, 3.50, 4.12, 3.67, 4.08, 3.61, 3.79, 4.01, 4.05, 3.91, 3.97 and 
 3.72. Find 98% confidence interval for the standard deviation of the population of 
weights assuming the population to be normal. 

6 + 6 = 12 
 
 
Department & 

Section 
Submission Link 

ECE, CSE, IT https://classroom.google.com/c/Mjk4MTA5MzQxOTYx/a/MzQ0NDg4NDcwNDIx/details 
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